The Projected Configuration Interaction (PCI) method starts from a collection of mean-field wave functions, and builds up correlated wave functions of good symmetry. It relies on the Generator Coordinator Method (GCM) techniques, but it improves the past approaches by a very efficient method of selecting the basis states. We use the same realistic Hamiltonians and model spaces as the Configuration Interaction (CI) 
I. INTRODUCTION
The full configuration interaction (CI) method using a spherical single particle (s.p.) basis and realistic Hamiltonians has been very successful in describing various properties of the low-lying states in light and medium nuclei. The realistic Hamiltonians, such as the USD [1, 2] in the sd shell, the KB3 [3] , FPD6 [4] and GXPF1 [5] in the pf shell, have provided a very good base to study various nuclear structure problems microscopically.
Some sd and pf nuclei such as 28 Si and 48 Cr are well deformed. Their collective behavior is confirmed by the strong collective E2 transitions and the rotational behavior of the yrast state energies, E(I) ∼ I(I + 1). The mean-field description in the intrinsic frame naturally takes advantage of the spontaneous symmetry breaking. This approach provides some physical insight, but the loss of good angular momentum of the mean-field wave functions makes the comparison with the experimental data difficult. The CI calculations in spherical basis provide the description in the laboratory frame. The angular momentum is conserved, but the physical insight associated with the existence of an intrinsic state is lost.
There is a long-lasting effort to connect the mean-field and CI techniques. Elliott was the first to point out the advantage of a deformed intrinsic many body basis and developed the SU(3) Shell Model [6] for sd nuclei. In Elliott's model, the rotational motion was associated with strict SU(3) symmetry, approximately realized only near 20 Ne and 24 Mg. This model was limited only to the sd shell.
The Projected Shell Model(PSM) [7] can be considered as a natural extension of the SU(3) shell model to heavier systems. In this model, the quadrupole force, that Elliott's model used, the monopole pairing and the quadrupole pairing forces were included in the PSM Hamiltonian. The deformed intrinsic Nilsson+BCS basis are projected onto good angular momentum, and the PSM Hamiltonian is diagonalized in the space spanned * Electronic address: gao1z@cmich.edu by the projected states. The Nilsson model [8] has been proven to be very successful in describing the deformed intrinsic single particle states, and the quadrupole force was found to be essential for describing the rotational motion [6] . Despite its simplicity PSM was proven to be a very efficient method in analyzing the phenomena associated with the rotational states, especially the high spin states, not only for axial quadrupole deformation, but also for the octupole [9] and triaxial shapes [10, 11] . However, its predictive power is limited because the mulitpole-multipole plus pairing Hamiltonian has to be tuned to a specific class of states, rather than an region of the nuclear chart.
Besides the Projected Shell Model, another sophisticated approach based on the projection method is MON-STER and the family of VAMPIRs [12] . The MON-STER is similar to the PSM, but the basis is obtained by projecting the Hartree-Fock-Bogoliubov (HFB) vacuum and the related 2-quasiparticle configurations onto good quantum numbers, including neutron and proton number, parity, and the angular momentum. VAMPIR, which performs the energy variation after the projection, is more sophisticated than MONSTER. However, the particle number plus angular momentum projection implemented in MONSTER and VAMPIR requires at least 3-dimensional integration in the axial symmetric case. This makes it very difficult to extend these models to non-axial cases, where the projection with 5-dimensional integration would be needed. MONSTER and VAMPIR can use realistic Hamiltonians.
Instead of using quasiparticle configurations, as PSM and MONSTER/VAMPIR do, the Quantum Monte Carlo Diagonalization (QMCD) method [13] takes the advantage of the Hartree-Fock (HF) mean-field that breaks the symmetries of Hamiltonian. The mean-field is not restricted to axial symmetry. QMCD starts from an appropriate initial state, as in the shell-model Monte Carlo approach [14] , to select an optimal set of basis states, and the full Hamiltonian is diagonalized in this basis. More basis states are iteratively added until convergence is achieved. It is very interesting that only the Mprojection is applied to in the basis states, yet the total angular momentum seems to be fully recovered from the diagonalization when the convergence limit is achieved. However, the process of selecting the basis states is reportedly very time consuming.
The Generator Coordinate Method (GCM) [15] is a standard method to describe collective states that goes beyond the mean-field. The angular momentum projection technique is a special case of GCM when the generator coordinates include the Euler angles. In the standard GCM, the excited states are constructed in a basis of HFB vacua, which differ in one or several collective coordinates. However, in many cases, it has been found that the excitation energies provide by GCM are too high. The GCM wave functions may be more appropriate to describe more correlations in the ground state, rather than the excited states. However, our investigations (see below) show that neither the g.s. nor the excited states are accurately described by this simple GCM procedure when realistic effective Hamiltonians and HF vacua are used.
In the present work, we developed a new method called the Projected Configuration Interaction (PCI), which uses GCM and PSM techniques. The PCI basis includes angular momentum projected states generated from a class of constraint HF vacua. However, in addition to these GCM-like states PCI includes a large number of low-lying np − nh excitations built on those states. In PCI the deformed intrinsic states are Slater Determinants (SD), and the particle number projection is no longer required. This method can use the same realistic Hamiltonian as any CI method. This feature makes the direct comparison between CI and PCI possible. One advantage of this method is that it keeps the number of basis states small, even for cases when the CI dimensions are too large for the today's computers.
The paper is organized as follow. Section II presents the formalism used by PCI. The efficiency of the angular momentum projection is discussed in section III. Section IV analyzes the choice of the PCI basis and presents some results for the sd and pf nuclei. Section V is devoted to the analysis of the quadrupole moments and E2 transitions. Conclusions and outlook are given in section VI.
II. THE METHOD OF THE PROJECTED CONFIGURATION INTERACTION (PCI)
The model Hamiltonian used in CI calculations can be written as:
where, c † i and c i are creation and annihilation operators of the spherical harmonic oscillator, e i and V ijkl are onebody and two-body matrix elements that can be obtained from effective interaction theory, such as G-Matrix plus core polarization [16] ; it can be further refined using the experimental data [5, 17] .
One can introduce the deformed single particle (s.p.) basis, which can be obtained from a constraint HF solution. Alternatively, one can take the single particle states obtained from the following s.p. Hamiltonian,
Here
is the spherical single particle part of the Hamiltonian with the same eigenfunctions as the spherical harmonic oscillator, but the energy of each orbit is chosen such that the result from this Hamiltonian is near to the HF solution; ǫ 2 and ǫ 4 are the quadrupole and hexadecupole deformation parameters, ρ = mω0 r is dimensionless, and we take [18, 19] 
The deformed s.p. creation operator is given by the following transformation:
where the matrix elements W ki = b k |c i are real in our calculation. Inserting the reversed transformation of Eq. (5)
into the model Hamiltonian Eq. (1), we obtain the transformed H in the deformed s.p. basis
Here h (1) and h (2) are one-body and two-body matrix elements of H in the deformed basis. The Slater Determinant (SD) built on the deformed single particle states is given by
where s refers to the Nilsson configuration, indicating the pattern of the occupied orbits, and ǫ is the deformation determined by ǫ 2 and ǫ 4 . The matrix element κ|H|κ ′ , can be calculated using Eq.(7).
Generally, |κ doesn't have good angular momentum I. It is well known that the projection on good angular momentum would add correlations to the wave function.
The general form of the nuclear wave function is therefore a linear combination of the projected SDs (PSDs),
is the angular momentum projection operator. D
I
MK is the D-function, defined as
R is the rotation operator, and Ω is the solid angle. If one keeps the axial symmetry in the deformed basis, D 
where H 
The matrix element of
where
Here κ ′′ has the same deformation as κ, and runs over all SDs with nonzero κ|H|κ ′′ . Therefore, the main problem is to calculate the matrix element of the rotationR(Ω) between different SDs, κ|R(Ω)|κ ′ . |κ and |κ ′ may have different shapes. We denote a † , a the single particle operators with deformation ǫ a that create the SD |κ , and b † , b, with deformation ǫ b , that create |κ ′ . Expressing κ|R(Ω)|κ ′ with a † , a and
HereR
Note that the rotation never mixes the neutron and proton wave functions. Therefore, the matrix elements in Eq.(18) can be calculated for neutron and proton separately.
The choice of the PCI basis will be described in Section IV.
III. THE EFFICIENCY OF THE PROJECTION ON GOOD ANGULAR MOMENTUM
Let's analyze the quality of the deformed single particle states for the USD Hamiltonian [2] . The E i energies (see Eq. (3)) are properly adjusted so that the SD with the lowest energy is close to the HF vacuum, as will be discussed in this Section. For sd shell, we use E d 5/2 = −3.9 MeV, E s 1/2 = −1.2 MeV and E d 3/2 = 1.6 MeV, and the corresponding Nilsson levels as functions of quadrupole deformation ǫ 2 (ǫ 4 = 0) are plotted in Fig.1 .
To find the lowest value E def of κ|H|κ , the energy surface of orbit are used in Eq. (20) . Such an SD is denoted by s 0 hereafter. This configuration provides the lowest energy for a large range of deformations and is expected to describe very well the mean-field minimum, i.e. the ground state (g.s.), κ|H|κ at certain deformation(s). The energy surface of the s 0 configuration as a function of (ǫ 2 , ǫ 4 ) is shown as the upper surface in Fig. 2 . The minimum energy, E def = −129.55 MeV at deformation (ǫ 2 , ǫ 4 ) def = (−0.44, −0.10), which is very close to the HF energy (E HF = −129.61 MeV) [18] . Besides, the calculated quadrupole moment, −70.1fm 2 , is also very close the the HF value, −69.6fm 2 [18] . Thus, we reached an approximated solution to the HF mean-field from a simple Nilsson Hamiltonian. For other deformed sd nuclei the situation is similar to 28 Si, as shown in Table I . The ground state of 28 Si should have good angular momentum with spin I = 0. We calculate the expectation value of H with respect to the projected SD:
where K is defined byĴ z |s, ǫ = K|s, ǫ . The energy surface of E exp (I = 0, s 0 , ǫ) is shown as the lower surface in Fig. 2 angular momentum to the wave functions can be found by comparing the results of CI calculations using spherical and deformed s.p. bases, as shown in Fig. 3 . The deformation for the deformed CI basis is (ǫ 2 , ǫ 4 ) def = (−0.44, −0.10) as shown in Table I . The energies at 0p-0h are the values of E sph and E def shown in the same Table I . The E def is much lower than E sph , but J 2 for the deformed SD is as large as 20.35, far away from J 2 =0 of the spherical HF state. At the 2p-2h truncation level, the spherical CI energy drops very close to that of the deformed CI, while the latter is struggling for recovering the angular momentum, and J 2 drops to 11.30. At the 4p-4h truncation level, the spherical CI energy is even lower than the deformed ones, yet the angular momentum of the latter hasn't been completely recovered. The advantage of the deformed mean field is then completely lost in the CI due to the lack of good angular momentum. At the 8p-8h truncation level the deformed CI state completely recovers its angular momentum, and the results from spherical CI and deformed CI become equivalent. Thus, we conclude that the deformed CI won't benefit from the deformed mean field unless the angular momentum is recovered from the outset. The PCI method described in Section II maintains the advantages of the deformed mean field and of configuration mixing specific to CI, and could provide further improvement to the E pj (I = 0) in Table I .
To describe those non-zero spin states, one can change the spin from 0 to I in Eq. (21), and keep s and ǫ unchanged. Then one gets a sequence of energies, E pj (I) shown as D=1 in Fig. 4 . One can see that the values of E pj (I) have approximately reproduced the I(I + 1) feature of a rotational band in the low spin region. The 2 MeV gap between the D=1 band and the Full CI band is expected to be reduced by taking advantage of the CI techniques, in which the interaction between different intrinsic configurations has been properly considered. Results of the PCI for different bases are also shown in Fig. 4 . First, we take 41 projected SDs having the same configuration (s 0 ), but different shapes, as in the GCM method. The 41 shapes considered are taken from ǫ 2 = −0.6 to 0.6 by a step of 0.03, and ǫ 4 is obtained by minimizing the energy of Eq. improved. This can be understood by the large overlap between the PSDs in the GCM basis, therefore, the effective dimension of the basis is far below 41. Adding more PSDs with new shapes in the basis doesn't make much improvement. Therefore, we considered up to 2p − 2h excitations of the deformed s 0 configuration used in the D=1 case, and built a PCI basis by selecting D=40 SDs (see next section). With this basis we solved the generalized eigenvalue problem described in Section II. The results (PH:D=40) in Fig. 4 indicate a significant improvement over GCM (GCM:D=41). As the number of excited PSDs increases up to 107, we obtain the band (labeled by PH:D=108), which is only about 300 keV above the band obtained with full CI. Therefore, we con- Table I clude that the PCI method is not only an efficient way of reducing the dimension of the CI calculations, at least in deformed nuclei, but can be also very instrumental in making the connection between intrinsic states and laboratory wave functions.
IV. CHOICE OF THE PCI BASIS
As already mentioned, one important problem is the choice of the PCI basis. It is very difficult to find a set of SDs that would make an efficient PCI basis, due to the complexity of possible structures that exist in the nuclei, such as the spherical states, rotational states, various vibrational states, shape coexistence, etc. It would be helpful to be able to dentify the most relevant intrinsic states of a nucleus when we start a PCI calculation. Unfortunately, there is a large number of ways of achieving that goal. Below, we describe some of them. Assuming that we found these N starting states that we denote as |κ j , 0 (j = 1, ...N ), we further consider for each selected |κ j , 0 a set of relative np-nh SDs |κ j , i , and select some of them into the basis according to how much effect they can have on the energy of the state. Therefore, the general structure of the PCI basis is N is somewhat arbitrary, but it can be increased until reasonable convergence is achieved. Some examples are given below. As a preliminary application of PCI, we consider the same set of SDs |κ j , 0 in Eq. (22) for all angular momenta I. The deformation of each configuration s may be chosen from the minima of either Eq. (20) or Eq. (21) at certain I. However, there seems to be not much difference between these two choices, especially if the studied nucleus is well deformed. As shown in Fig. 5 , the PCI results of 28 Si with deformations (ǫ 2 , ǫ 4 ) pj and (ǫ 2 , ǫ 4 ) def , (see Table I ) are quite close to each other. Therefore, for well deformed nuclei it would be simpler to use Eq. (20) for determining the shape of each starting configuration s j . In the present work we only consider axially symmetric shapes. Some low-lying curves of E exp (s, ǫ) in Eq. (20) for 24 Mg and 28 Si are plotted in Fig. 6 as functions of ǫ 2 . ǫ 4 was chosen by minimizing the E exp (s, ǫ) for each ǫ 2 . Each configuration s j corresponds to a curve in this figure. The minima are marked by dots.
In order to describe the low-lying states, we first choose those SDs whose energies are minima of E exp (s, ǫ), shown as dots in Fig. 6 , and take them as starting |κ j , 0 states in Eq. (22) . Secondly, we try to include CI-like correlations. Each |κ j , 0 may have correlations with its 1p-1h and 2p-2h SDs, |κ j , i , through the non-diagonal matrix elements of H. For each j we include those SDs that satisfy the following criterion:
where E 0 = κ, 0|H|κ, 0 , E i = κ, i|H|κ, i and V = κ, 0|H|κ, i . (We skipped the subscript j to keep notations short.) In this way we constructed the basis for the PCI calculations of 24 Mg and 28 Si in the sd shell. For the 24 Mg, we included N = 40 lowest energy |κ j , 0 SDs with |K| ≤ 2, and 1749 SDs are selected for the basis when E cut = 10 keV. For the 28 Si case, N = 60, |K| ≤ 4 and E cut = 10 keV selects 3366 SDs. The choice of |K| ≤ 2 seems to be arbitrary, and at this point it is related to the number of states one wants to include in the basis. One should emphasize that the PCI method combines the advantage of using a set of s.p. bases of different deformations with that of the CI np−nh configuration mixing. In m-scheme CI, for example, one can get the states for all spins using the lowest M value (0 for even-even cases), although using higher M values could be somewhat more efficient for higher spins. In PCI one has to weigh in the advantages of using a larger number of np-nh excitations with those of using larger K values for larger spins. Using our choices for the K values the lowest 20 PCI energies of each spin are compared in Fig. 7 with the full CI results. Almost all low-lying energies for each spin reproduce the full CI results very well. We conclude that the selected PCI basis has already carried almost the whole information of the low-lying states, yet we chose only a small number of SDs as compared with those used in the full m-scheme CI.
The QMCD [13] method also uses a relatively small number of selected SDs. For a basis of 800 SDs QMCD found a g.s. energy of −89.91 MeV for 24 Mg. In the present calculation, after the orthogonalization of the 524 K = 0 SDs, 453 SDs are used to calculate the I=0 energies (see Table III ). The resulting PCI g.s. energy is −89.94 MeV. Furthermore, the QMCD paper only reports the 6 lowest states with spin up to I = 4, while our PCI calculation with the selected 1749 SDs can provide tens of excited states with spin running from 0 to 12 that compare well with the full CI results. Our approach seems to largely extended the range of nuclear states that can be calculated using a relatively small basis.
The results for 28 Si are similar to those of 24 Mg. Comparing with the N = 1 calculation, that has been discussed in Section III, the dimension is much larger because one needs to describe a large number of low-lying states of the same spin. The pf calculations show similar trends. For 48 Cr, the CI m-scheme dimension is 1963461. Full CI calculations can reproduce the rotational nature of the yrast band and its backbending [20] . With PCI we choose N = 30, |K| ≤ 4, and for E cut = 0.2 keV 5973 SDs were selected. The lowest 5 energies for each spin are compared with the full CI results in Fig. 8 . Again, we reached a satisfactory agreement between PCI and full CI.
52 Fe and 56 Ni are not good rotors, and the present choice of the basis is not so efficient as for 48 Cr. However, one can still select a PCI basis that can provide a reasonable description of the yrast energies when compared with the full CI calculations, as shown in Fig.9 . The number of deformed SDs used in these calculations is about 7000, which is just a small fraction of the full CI m-scheme dimension for 52 Fe, and for 56 Ni (see Table  III ). However, the choice of the PCI basis for 52 Fe and 56 Ni needs to be improved. Details will be presented in the forthcoming paper.
For 56 Ni a rotational band has been identified in experiment [21] that starts at around 5 MeV excitation energy. The band was successfully described by full CI calculations in the pf -shell using the GXPF1A interaction [17] . It was also shown [17] that this band has a 4p-4h character, but in order to get a good description of the band 10p-10h excitations from (f 7/2 ) 16 configuration are necessary. In the present PCI calculation this rotational band has been identified (see Fig. 9 ) in the calculated excited states by inspecting the quadrupole moments and the B(E2) transitions (See Table II ). The results seem to be in reasonable good agreement with those of the full CI calculations. The details about the calculation of the quadrupole moments and the B(E2) transitions are given in the next section. The number of SDs selected for the PCI calculation are shown in the corresponding figures and compared with the full CI m-scheme dimensions. However, the efficiency of the PCI truncation can also be assessed by comparing the PCI dimensions with the coupled-I CI dimensions. In PCI the states used for the diagonalization of each spin in Eq. (12) are obtained from the selected PSDs after the latter are orthogonalized and the redundant states are filtered out. The remaining states form the PCI basis for each spin. These dimensions are compared in Table III with the full coupled-I CI dimensions. One can see that PCI can provide reasonable good results using much smaller dimensions than the corresponding m-scheme and/or coupled-I CI calculations.
Although the PCI calculations could have much smaller dimensions than those of the corresponding full CI calculations, the H and N matrix in Eq. (12) are dense. To get an idea of the workload of a PCI calculation, the time necessary to calculate the H and N matrices for 56 Ni at I=0, 2, 4, 6, 8 takes around 8 hours using one processor, and the calculation of 5 eigenvalues for each spin takes about 2 hour, when the generalized Lanczos method is used. As a comparison, the full CI calculations of the same states using the modern coupled-I code NuShellX [22] could take several weeks, when one processor is used. One should also observe that the PCI computational load is shifted towards the calculation of the matrix elements, which can be more efficiently parallelized than any large matrix eigenvalue solver.
V. QUADRUPOLE MOMENTS AND BE2 TRANSITIONS
The quadrupole moments and B(E2) transitions are given by
with effective charges taken as e n = 0.5e, e p = 1.5e. The reduced matrix element in Eq.(24) and (25) can be expressed in terms of the PCI wave functions
Explicit expression for the Φ κ ′ |Q λν P Ii K ′ −ν,K |Φ κ can be found in Ref. [7] . Here I i K ′ − ν, λν|I f K ′ is a ClebshGordon coefficient.
Using the PCI wave functions for the states shown in Fig.7 and Fig.8 , we calculated the Q(I) and the B(E2) values for the yrast band in 24 Mg, 28 Si and 48 Cr. The results are shown in Fig.10 . The very good agreement between PCI and full CI indicates that the PCI wave functions are almost equivalent to the exact ones.
VI. CONCLUSIONS AND OUTLOOK
In this paper we investigate the adequacy of using a deformed s.p. basis for CI calculations. We show that even if the starting energy of the deformed mean-field is lower than the spherical one, the series of np − nh truncations in the deformed basis exhibits slower convergence than that of the spherical basis, due to the loss of rotational invariance that is not recovering fast enough. Therefore, we propose a new strategy called Projected Configuration Interaction (PCI) that marries features of GCM, by projecting on good angular momentum SDs built with deformed s.p. orbitals, with CI techniques, by mixing a large number of appropriate deformed configurations and their np − nh excitations. This ansatz seems to be very successful in describing not only the yrast band, but also a large class of low-lying non-yrast states. This method seems to work extremely well for deformed nuclei, and it needs further improvements to the choice of the PCI basis for spherical nuclei.
For the sd and pf -shell nuclei that we studied we show that the quadrupole moments and the BE(2) transition probabilities are very well reproduced, indicating that not only the energies, but also the wave functions are accurately described. This suggests that this method could be helpful in finding relations between the intrinsic states, which offer more physics insight, and the laboratory wave functions provided by CI.
One of the simplifications that makes these calculations with tens of thousands of projected states possible is the approximation of the deformed mean-field with an axially symmetric rotor defined by its quadrupole and hexadecupole deformations. This approach seems to describe very well the HF mean field for the sd and pf -shell nuclei. We plan to extend our method to include octupole deformation, and to consider triaxial shapes.
